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1. INTRODUCTION
Let g be a Lie algebra over a field F and let h be a subalgebra of g.
Ž .The pair g , h is said to be a reducti¤e pair if there exists a subspace m of
g such that
g s h [ m 1Ž .
w xand h , m : m.
Reductive pairs appear naturally when dealing with homogeneous spaces.
Thus, let G = M “ M be a smooth and transitive action of a Lie group G
on a smooth manifold M. Given any p g M and the isotropy subgroup H
 4of this action at p, H s g g G : g ? p s p , the homogeneous space M ,
GrH is said to be reducti¤e if there is a subspace m of the Lie algebra g
Ž . Ž .of G such that 1 is satisfied and Ad H m : m , where h is the Lie
w xsubalgebra of H and Ad denotes the adjoint action. This implies h , m :
Ž .m , so the pair g , h is reductive, and conversely, if H is connected and
w x Ž . Ž .h , m : m , then also Ad H m : m. In this situation both G, H and
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Ž .g , h are called reductive pairs. For a compact H, such a complement m
always exists.
An affine connection = on a homogeneous space M , GrH is said to
be in¤ariant in case the left translation by any element of G is an affine
w xtransformation of =. Nomizu N proved the following fundamental result
relating the invariant affine connections on a reductive space M , GrH
with suitable multiplications on the vector space m:
THEOREM 1. Let M , GrH be a reducti¤e homogeneous space with
Ž .decomposition 1 . Then the set of G-in¤ariant affine connections on M is in
bijection with the set of bilinear maps
a : m = m “ m
Ž . Ž . ŽŽ .Ž . Ž .Ž ..with Ad h a X, Y s a Ad h X , Ad h Y for any h g H and X,
Y g m.
Ž w x.This can be proved as follows cf. ALV, Chap. IV : for any left-in-
variant vector field X g g , consider the vector field Xq on M with flow
Ž . Ž .t, m ‹ exp tX ? m; now the tangent space at p, T M, is identified withp
m by means of m “ T M : X ‹ Xq , and for any invariant affine connec-p p
tion = we associate the bilinear map a : m = m “ m given by
q w q qxqa X , Y s = Y y X , Y . 2Ž . Ž .Ž . pX
w xThis proof is different from the one given by Nomizu in N .
This theorem says that each invariant affine connection on M , GrH is
Ž .determined by a nonassociative i.e., not necessarily associative algebra
Ž . <m , a which admits Ad H as a subgroup of its group of automor-m
<phisms. This implies that ad h is contained in the Lie algebra ofm
Ž w x.derivations cf. SW, Chap. 7 and both conditions are equivalent if H is
connected. In other words, looking at m as a module for the group H or
the Lie algebra h via the adjoint actions, Nomizu’s theorem asserts that
the set of invariant affine connections on M is in bijection with the vector
Ž . Ž .space Hom m m m , m , or with Hom m m m , m if H is connected.H R h R
This allows us to reduce certain problems on the invariant affine
Ž .connection = in terms of the associated algebra m , a and of the action
of H or h on m. Thus, for instance, the two basic tensors, torsion and
Ž .curvature, are then determined by their values at p by invariance and
after the identification above of T M with m , they are given byp
w xT X , Y s a X , Y y a Y , X y X , YŽ . Ž . Ž . m
R X , Y Z s a X , a Y , Z y a Y , a X , ZŽ . Ž . Ž .Ž . Ž . 3Ž .
w x w xy a X , Y , Z y X , Y , Z ,Ž .m h
w x w xwhere for any X, Y g m , X, Y and X, Y denote the projections ofm h
w xthe Lie bracket X, Y onto m and h , respectively, in the decomposition
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Ž .1 . The connection is said to be symmetric if its torsion is 0 and flat if its
curvature is also. Also, the holonomy algebra becomes the smallest Lie
subalgebra of endomorphisms of m which contains the curvature opera-
Ž .tors R X, Y , X, Y g m , and is closed under commutation by the opera-
Ž . Ž w x.tors a : Y ‹ a X, Y , X g m cf. KN, Chap. II, SW, Appendix .X
Ž .Inspired by this, given a reductive pair g , h over an arbitrary field F
Ž . Žwith decomposition 1 , and given a multiplication a g Hom m mh F
. Ž .m , m , the nonassociative algebra m , a will be called a connection
Ž .algebra attached to the pair g , h . The multilinear maps T and R defined
Ž . Ž .by Eqs. 3 will be called the torsion and cur¤ature of m , a and the
Ž . Ž .smallest Lie subalgebra of End m containing R X, Y for any X, Y g mF
Ž .and closed under commutation by the operators a s a X, y gX
Ž . Ž .End m , X g m , will be called the holonomy algebra of m , a and willF
Ž .be denoted by hol . The connection algebra m , a is said to be symmet-a
ric if its torsion is identically zero and flat if its curvature is also, that is, if
hol s 0.a
w xAccording to Borel B1, Theorem III, B2, Theoreme 3 , the only spheres´ `
that appear as homogeneous spaces of a compact connected simple Lie
group in nonclassical manners are
S6 s G rSU 3 , S7 s Spin 7 rG and S15 s Spin 9 rSpin 7 .Ž . Ž . Ž . Ž .2 2
ŽThese three spaces are intimately related to the algebra of octonions or
. ŽCayley algebra and this algebra can be used to determine through
.Nomizu’s theorem the invariant affine connections on them. This has
6 w xbeen done for S EM1 , where a whole family of G -invariant affine2
connections depending on a complex parameter appears, and for S7
w x ŽEM2 , where a family depending on a real parameter occurs see also
w x.EM3 .
Ž .The purpose of this paper is to study the reductive pair B , B for an4 3
arbitrary field of characteristic / 2, 3 and to determine the attached
connection algebras and related tensors. In particular, when restricted to
Ž . 15the real field, we study the Spin 9 -invariant affine connections on S . It
Ž .will be shown that there is a three real parameter family of such
connections and explicit formulae for their torsion and curvature tensors
will be obtained. All this will be done by relying on properties of
Cayley]Dickson algebras and the local principle of triality, which will be
reviewed in the next section.
2. CAYLEY]DICKSON ALGEBRAS AND LOCAL TRIALITY
Let C be a Cayley]Dickson algebra over a field F of characteristic
Ž w x ./ 2, 3 see Sc for the basic definitions . Any x g C satisfies the quadratic
Ž .REDUCTIVE PAIR B , B4 3 507
relation
x 2 y t x x q n x 1 s 0 4Ž . Ž . Ž .
Ž . ² < : Ž . ² < : ² < :with t x s 2 x 1 and n x s x x , where is a nondegenerate
Ž .symmetric bilinear form. The standard conjugation is given by x s t x 1 y
x and satisfies
xx s n x 1 s xx ,Ž .
xy s yx
for any x, y g C. Moreover, this algebra is alternative; that is,
x xy s x 2 y , yx x s yx 2 5Ž . Ž . Ž .
Ž wfor any x, y g C, which is equivalent by Artin’s theorem cf. Sc, Theorem
x.3.1 to any two generated subalgebra being associative.
Ž .Identities 5 can be linearized to obtain
x , y , z s y y , x , z s y x , z , y 6Ž . Ž . Ž . Ž .
Ž . Ž . Ž .for any x, y, z g C, where x, y, z s xy z y x yz is the associator of the
elements x, y, z.
We will make use of the operators L : y ‹ xy, R : y ‹ yx, ad :x x x
1w x Ž .y ‹ x, y s xy y yx, and T : y ‹ xy q yx . The Lie algebra of deriva-x 2
Ž w x.tions of C, Der C, is spanned by the operators see Sc, III.8
D s L , L q L , R q R , R s ad y 3 L , R 7Ž .x , y x y x y x y w x , y x x y
for x, y g C. Being derivations one has
D T s T 8Ž .x , y z D zx , y
Ž .for any x, y, z g C. Also the flexible law x, y, x s 0, which follows from
Ž .6 , gives
w xad , T s T 9Ž .x z ad Ž z .x
for any x, z g C. Finally we will make use of the relations
ad , ad s L , L q R , R y 2 L , Rx y x y x y x y
s D y 3 L , R s 2 D y ad 10Ž .x , y x y x , y w x , y x
Ž .for any x, y g C, which follows from 7 .
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Ž .Let o C, n be the corresponding orthogonal Lie algebra; that is,
² < : ² < :o C , n s w g End C : w x y q x w y s 0 ; x , y g C . 4Ž . Ž . Ž . Ž .F
Ž w Ž .x.Then see Sc, 3.76 ,
o C , n s Der C [ ad [ T s Der C [ L [ RŽ . C C C C0 0 0
 Ž . 4 Ž .H w x Žwhere C s x g C : t x s 0 s F1 s C, C notice that ad s 0, so0 1
.that ad s ad .C C0 w xNow the principle of local triality Sc, Theorem 3.31 asserts that for any
Ž . X Y Ž .d g o C, n there are uniquely determined d , d g o C, n such that for
any x, y g C
d xy s dX x y q xdY y . 11Ž . Ž . Ž . Ž .
The maps d ‹ dX and d ‹ dY are easily shown to be automorphisms of
Ž .order 2 of the Lie algebra o C, n . Furthermore, from the alternative laws
Ž .5 we have for any u, x, y g C
L xy s L q R x y y x L y ,Ž . Ž . Ž . Ž .Ž . Ž .u u u u
12Ž .
R xy s y R x y q x L q R yŽ . Ž . Ž . Ž .Ž . Ž .u u u u
so that for any x g C ,0
LX s 2T , LY s y L ,x x x x
13Ž .X YR s yR , R s 2T ,x x x x
and also for any x, y g C0
D s DX s DY ,x , y x , y x , y
adX s L q 2 R , adY s y 2 L q R , 14Ž . Ž .x x x x x x
X 1 Y 1T s L , T s R .x x x x2 2
Ž . Ž .THEOREM 2. i o C, n is generated as a Lie algebra by any of the
following sets: T , L , or R . Moreo¤er,C C C0 0 0
<o C , n s T [ T , T s L [ L , L s R [ R , R .Ž .C0 C C C C C C C C C0 0 0 0 0 0 0 0 0 0
YŽ . Ž . ² : Ž .ii o C, n s span L L y L L : x, y g C and L L y L Lx y y x x y y x
s L L y L L for any x, y g C.x y y x
Ž .  Ž . Ž . 4iii The subalgebra d g o C, n : d 1 s 0 , which will be identified
Ž < . w xwith o C , n , coincides with Der C [ ad s T , T . It is generated byC0 C C C0 0 0
ad .C
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Ž . Ž . Ž < .iv The decomposition o C, n s o C , n [ T is a Z -grading,C0 C 20 0
Ž < . w xand for any d g o C , n and x g C, d, T s T .C0 x dŽ x .0
X YŽ . Ž < . Ž .v For any d g o C , n and x g C, d x s d x .Ž .C0 0
Ž . Ž .Proof. i Because of 4 , for any x g C and y g C,0
1 ² < : ² < :T y s xy q yx s 1 y x y x y 1.Ž . Ž .x 2
Now for x, y g C and z g C,0
² < : ² < : ² < : ² < :T , T z s T 1 z y y y z 1 y T 1 z x y x z 1Ž . Ž .Ž .x y x y
² < : ² < :s x z y y y z x .
Ž . w xFrom these equations it is clear that o C, n s T [ T , T and thatC C C0 0 0
Ž < . w x Xo C , n s T , T . Now we apply the automorphisms d ‹ d andC0 C C0 0 0Y Ž .d ‹ d to get the remaining parts of i .
Ž .ii L L y L L is skew-symmetric in x and y. For y s 1 andx y y x
x g C ,0
Y Y YL L y L L s L y L s 2 L s y2 L s L L y L L .Ž .Ž .x y y x x x x x x y y x
Also, for x, y g C ,0
Y Y Y YL L y L L s y L , L s y L , L s y L , LŽ .x y y x x y x y x y
s L L y L L ,x y y x
Ž .and by part i ,
² :span L L y L L : x , ygCx y y x 0
² :s span L : x g C q span L , L : x , y g C² :x 0 x y 0
s L [ L , L s o C , n .Ž .C C C0 0 0
Ž . Ž < . w xiii We have Der C [ ad : o C , n s T , T andCC 0 C C0 0 0
Der C [ ad [ T s o C , n s T , T [ T ,Ž . Ž .C C C C C0 0 0 0
Ž .so we have the equality above. Also, 10 shows that Der C [ ad isC
generated, as a Lie algebra, by ad .C
Ž . Ž < . Ž .iv For any d g o C , n s Der C [ ad and any x g C, 8 andC0 C0
Ž . w x Ž < . w x Ž .9 show that d, T s T . Since o C , n s T , T , iv follows.Cx dŽ x . 0 C C0 0 0
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Ž .v For any u, ¤ , x g C,
X YD x s D x s D x s D xŽ . Ž . Ž . Ž .u , ¤ u , ¤ u , ¤ u , ¤
and for u g C ,0
Xad x s L q 2 R x s ux q 2 xu s yux y 2 xuŽ . Ž . Ž .u u u
Ys y xu q 2ux s y 2 L q R x s ad x ,Ž . Ž . Ž . Ž .u u u
Ž .because of 14 .
Ž .3. THE REDUCTIVE PAIR B , B4 3
Let us consider the nine dimensional space F = C with the nondegener-
Ž . 2 Ž .ate quadratic form q s 1 H n given by q a e q x s a q n x for a g F
Ž .and x, y g C, where e s 1, 0 g F = C and C is identified with 0 = C.
Define the linear map r by
r : F = C “ End C = C :Ž .F
15Ž .a Lx
a e q x ‹ ž /L yax
2 2Ž Ž .Ž . Ž .. Ž . Žthat is, r a e q x u, ¤ s a u q x¤ , xu y a ¤ . Since r a e q x s a
Ž .. Ž . Ž .q n x I s q a e q x I and r a e q x is symmetric relative to the
quadratic form n H n in C = C for any a g F and x g C, r induces a
homomorphism of algebras with involution from the Clifford algebra
Ž . Ž Ž .Cl F = C, q with its standard involution determined by s a e q x s a e
. Ž .q x for any a g F and x g C to the algebra End C = C with theF
conjugation relative to the quadratic form n H n in C = C. By dimension
count, this restricts to an isomorphism, also denoted by r, from the even
Ž .Clifford algebra into End C = C :F
r : Cl F = C , q “ End C = C . 16Ž . Ž . Ž .0 F
Ž .  ŽThe restriction of r to the spin group Spin F = C, q s u g Cl F =0
. Ž . Ž . Ž . y1C, q : u ? s u s s u ? u s 1 and u ? a e q x ? u g F = C ;a g F,
4 Ž .; x g C gives an action of Spin F = C, q on
S15 n H n s x , y g C = C : n x q n y s 1 . 4Ž . Ž . Ž . Ž .
Notice that we denote by a dot ? the multiplication in the Clifford algebra,
to distinguish it from the multiplication in C, denoted by juxtaposition.
Also, the unit element in C will be denoted by 1 .C
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w xThe next result is proved in H, Theorem 14.79 for the real division
Cayley algebra O.
Ž . 15Ž .THEOREM 3. Spin F = C, q acts transiti¤ely on S n H n and its
Ž . Ž < .isotropy subgroup at any element is isomorphic to Spin C , n .C0 0
Ž .Proof. Given any x g C with n x s 1, the element s s x ? 1 belongsC
Ž .to Spin F = C, q and
0 L L 0x x0 1
r s s s ,Ž . ž /ž / ž /1 0L 0 0 Lx x
Ž .Ž . Ž . Ž . 15Ž .so r s 1 , 0 s x, 0 . Now, for any x, y g S n H n with y / 0, weC
1Ž . Ž . Žtake s s ye q xy ? y, which belongs to Spin F = C, q since 1 qŽ .n y
2Ž Ž . Ž . .. Ž . Ž . Ž .n xy rn y n y s n y q n x s 1. Then,
1
y1 Lx y 0 Ln yŽ . y
r s s ,Ž . 1 L 0ž /yL 1 0y xn yŽ .
and
1 1
r s 1 , 0 s r ye q xy 0, y s xy y , y s x , y .Ž . Ž . Ž . Ž . Ž .C ž / ž /n y n yŽ . Ž .
Ž . 15Ž . Ž . Ž .On the other hand, if x, y g S n H n and n y s 0, then n x s 1 /
Ž . Ž .0. By the argument above, 0, 1 belongs to the orbit of 1 , 0 and,C C
Ž .interchanging the roles of the two coordinates, x, y belongs to the orbit
Ž . Ž .of 0, 1 , and hence to the orbit of 1 , 0 . Therefore, the action isC C
transitive.
Ž .Let H be the isotropy subgroup at the point 1 , 0 ; we first show thatC
Ž . Ž Ž . Ž ..H : Spin C, n : Cl C, n : Cl F = C, q . Indeed, any u g H :0 0
Ž . Ž .Cl F = C, q may be written as u s u q u ? e, with u g Cl C, n and0 0 1 0 0
Ž . Ž .u g Cl C, n . Since u g Spin F = C, q , there are a g F and x g C1 1
Ž .with u ? e s a e q x ? u. But
1 , 0 s r e 1 , 0 s r u r e 1 , 0 s r u ? e 1 , 0Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .C C C C
s r a e q x r u 1 , 0 s r a e q x 1 , 0 s a1 , x .Ž . Ž . Ž . Ž . Ž . Ž .C C C
Ž .Hence, a s 1, x s 0, so that u ? e s e ? u and so u s u g Spin C, n0
Ž .notice that u ? e s ye ? u .1 1
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ŽThe linear map F is known to be a group isomorphism see, for
w x.instance, H, 14.19
3q y q yF : Spin C , n “ t , t , t g O C : t xy s t x t y ; x , y g C :Ž . Ž . Ž . Ž . Ž . Ž . 4
u ‹ l , lq , ly ,Ž .u u u
Ž . y1 Ž .where l is the vector representation l x s u ? x ? u x g C , realizedu u
Ž .inside Cl C, n and
lq 0u
r u s .Ž . yž /0 lu
Ž q y. Ž q y .ˆ ˆMoreover, there is the triality automorphism u t, t , t s t , t , t
Ž Ž . .where w x s w x ; x g C . We also denote by u the automorphism ofŽ .ˆ
Ž . Ž .Spin C, n induced through F. Then, since H : Spin C, n ,
q ˆqH s u g Spin C , n : l 1 s 1 s u g Spin C , n : l 1 s 1 4Ž . Ž . Ž . Ž . 4u C C u C C
s u g Spin C , n : l 1 s 1Ž . Ž . 4u Žu. C C
s u g Spin C , n : u u ? 1 s 1 ? u u 4Ž . Ž . Ž .C C
s uy1 u g Spin C , n : u ? 1 s 1 ? u 4Ž .Ž .C C
y1 y1< <s u Spin C , n : u Cl C , n .Ž . Ž .Ž . Ž .Ž .C C0 0 00 0
Ž . Ž .Due to the isomorphism 16 we can identify Cl F = C, q with its0
Ž .image under r. The Lie algebra that corresponds to Spin F = C, q is the
Ž Ž ..Lie algebra of type B isomorphic to o F = C, q ,4
² : ² :w xb s span x , y s x ? y y y ? x : x , y g C [ span e ? x : x g C ,4
and this decomposition is a Z -grading2
b s g [ g , 17Ž .4 0 1
Ž . Žwhere g is the Lie algebra of Spin C, n , spanned after identification0
.with its image under r by the elements
r x r y y r y r xŽ . Ž . Ž . Ž .
L L y L L 0x y y x
s g End C = CŽ .F0 L L y L Lž /x y y x
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Ž .for x, y g C. By Theorem 2 ii ,
d 0g s M s : d g o C , n . 18Ž . Ž .Y0 d½ 5ž /0 d
Also, g is spanned by the elements1
0 Ly
P s r e r y s 19Ž . Ž . Ž .y yL 0ž /y
Ž . w x Y Ž .for y g C. The 1, 2 -entry of M , P is dL y L d , which by 11 isd y y y
L X . Hence,d Ž y .
XM , P s P 20Ž .d y d Ž y .
Ž .for any d g o C, n and y g C.
Ž . Ž ŽŽ ..The isotropy subalgebra at the point 1 , 0 w g b : w 1 , 0 sC 4 C
Ž .4. Ž Ž < ..0, 0 is the Lie algebra of type B isomorphic to o C , n :C3 0 0
<b s M : d g o C , n and d 1 s 0 s M : d g o C , n . 21 4Ž . Ž . Ž . 4Ž .C3 d d 0 0
Ž .For any x g C , consider the element N in End C = C given by0 x F
T 0xT 0x 1N s sYx ž /0 T 0 Rx  0x2
Y 1Ž Ž .. Ž . Ž . Ž .recall that T s R by 14 . Now, Theorem 2, 17 ] 19 , and 21 givex x2
the decomposition
b s b [ N [ P . 22Ž .4 3 C C0
Ž .Moreover, Theorem 2 iv shows that
w xM , N s N 23Ž .d x dŽ x .
Ž < . Ž . Ž .for any d g o C , n and x g C . Hence, 20 and 23 prove that theC0 00
subspace
m s N [ P 24Ž .C C0
is b -invariant, thus giving the reductive decomposition3
b s b [ m . 25Ž .4 4
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Ž .Notice that 22 gives the decomposition of b as a sum of three irre-4
Ž < . Ž . Žducible non-isomorphic o C , n ( b -modules the adjoint moduleC0 30
Ž . Ž ..b , the natural module N ( C , and the spin module P ( C . As a3 C 0 C0
consequence, any b -submodule of b is a sum of some of these submod-3 4
ules and m is the unique b -submodule that complements b . It follows3 3
from this, or by a direct argument, that m is the orthogonal complement
to b relative to the Killing form of b .3 4
We identify m with C = C by means of0
X s N q P ‹ x , yy . 26Ž . Ž .x y
This is the natural identification if one thinks about the real case. There
9 ŽF = C becomes R = O , R O being the Cayley division algebra, or
. 16algebra of octonions , C = C becomes O = O , R , so that n H n be-
16 15Ž .comes the square of the usual euclidean norm in R , and S n H n is
15 Ž . Žthe usual sphere S . Now b is the Lie algebra of Spin 9 s Spin R =4
. Ž . ŽO, q , b is the Lie subalgebra of the isotropy subgroup at 1 , 0 which,3 O
Ž ..by Theorem 3, is isomorphic to Spin 7 , and m is identified with the
15 16 Ž .tangent space to S : R at the point 1 , 0 , which is the orthogonalO
Ž .complement to 1 , 0 : O = O, by means ofO 0
qX s N q P ‹ X s N q P 1 , 0 s T 1 , yL 1Ž . Ž . Ž .Ž . Ž .x y Ž1 , 0. x y O x O y OO
s x , yy .Ž .
As for the multiplication of the different elements involved in the
Ž . Ž . Ž . w xdecomposition 22 , we already have 20 and 23 , and evidently M , Md d1 2
Ž < .s M for any d , d g o C , n . Furthermore, for x, x , x g CCw d , d x 1 2 0 1 2 001 2
and y, y , y g C, one has1 2
1
XN , P s P s P g m , by 20 and 14 ,Ž . Ž .x y T Ž y. x y2x
N , N s M g b ,x x wT , T x 31 2 x x1 2
y L L y L L 0Ž .y y y y1 2 2 1P , P sy y1 2  00 y L L y L LŽ .y y y y1 2 2 1 27Ž .
L L y L L 0y y y y2 1 1 2s
0 L L y L Lž /y y y y2 1 1 2
s M q NL L yL L yT y y yy yy y y y y y yy y 2 1 1 22 1 1 2 2 1 1 2
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Ž Ž .Ž .notice that L L y L L 1 s y y y y y , so that L L yy y y y C 2 1 1 2 y y2 1 1 2 2 1
Ž < ..L L y T g o C , n . In other words,Cy y y y yy y 0 01 2 2 1 1 2
1N , P s P , N , P s 0,x y x y x y2 bm 3
N , N s 0, N , N s M , 28x x x x wT , T x Ž .b1 2 1 2 x xm 3 1 2
P , P s N , P , P s M .y y y y yy y y y L L yL L yTb1 2 2 1 1 2 1 2 y y y y y y yy ym 3 2 1 1 2 2 1 1 2
Ž .We can use the bijection 26 , call it F, to transfer the multiplication
w x Ž . Ž ., on m to C = C. Since F N q P s x, yy , the correspondingm 0 x y
multiplication in C = C is given by0
y1 y1x , y e x , y s F F x , y , F x , yŽ . Ž . Ž . Ž .Ž .1 1 2 2 1 1 2 2 m
s F N y P , N y Pž /x y x y1 1 2 2 m
1s y y y y y , y x y y x 29Ž . Ž .Ž .2 1 1 2 1 2 2 12
for x , x g C and y , y g C.1 2 0 1 2
Ž < . Ž .We also transfer the action of o C , n ( b on m , which is givenC0 30
by
Xd ? N q P s M , N q P s N q PŽ .x y d x y dŽ x . d Ž y .
Ž . Ž .by 20 and 23 , thus defining
y1d ? x , y s F d ? F x , y s F d ? N y PŽ . Ž .Ž . Ž .Ž .x y
Xs F N y PŽ .dŽ x . d Ž y .
Ys F N y P because of Theorem 2 vŽ .Ž .Ž .Ž .dŽ x . d y
s d x , dY y , 30Ž . Ž . Ž .Ž .
Ž < .for d g o C , n , x g C , and y g C. Finally the bilinear map m = mC0 00
Ž . w x Ž . Ž“ b : X, Y ‹ X, Y is transferred to a bilinear map C = C = C3 b 0 03
. Ž < .=C “ o C , n as follows:C0 0
y1 y1x , y , x , y s C F x , y , F x , yŽ . Ž . Ž . Ž .Ž < . ž /o C , n1 1 2 2 1 1 2 2 bC0 0 3
s C N y P , N y Pž /x y x y b1 1 2 2 3
s C M q Mž /wT , T x L L yL L yTx x y y y y y y yy y1 2 2 1 1 2 2 1 1 2
s T , T q L L y L L y T ,x x y y y y y y yy y1 2 2 1 1 2 2 1 1 2
31Ž .
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Ž < .where C: b “ o C , n : M ‹ d is the natural isomorphism of LieC3 0 d0
algebras.
Ž . Ž .Equations 29 and 30 are summarized in the next result:
THEOREM 4. The linear map
w xF : m , , “ C = C , eŽ .Ž .m 0
Ž < .is an isomorphism of algebras and also of o C , n -modules.C0 0
We finish this section by proving the simplicity of the nonassociative
algebra involved in Theorem 4:
Ž .PROPOSITION 5. The algebra C = C, e is simple.0
Ž .Proof. Take any 0 / x, y g C = C. If y / 0, there is a z g C such0 0
1Ž . Ž . Ž . Ž .that yz / 0 and z, 0 e x, y s y 0, yz . But R generates o C, n byC2 0
Ž . Ž .Theorem 2 i , and C is an irreducible module for o C, n . Thus 0 = C is
Ž . Ž . Žcontained in the ideal generated by the element x, y . Since 0 = C e 0
.= C s C = 0, this ideal is the whole algebra. On the other hand, if0
1Ž . Ž . Ž .y s 0 / x, there is a z g C with zx / 0 and x, 0 e 0, z s 0, zx , so2
Ž .again the ideal generated by x, 0 is the whole algebra.
4. CONNECTION ALGEBRAS
Now, according to Nomizu’s Theorem 1 and because of our identifica-
Ž .tions, the problem of computing the Spin 9 -invariant affine connections
15 ŽŽon S reduces to the computation of the vector space Hom O =o ŽO . 00
. Ž . . Ž .O m O = O , O = O , where o O acts on O via the natural repre-R 0 0 0 0
Ž . YŽ .sentation and on O via the spin representation d, y ‹ d y . Hence, we
have to determine the following vector spaces:
Hom O m O , O , Hom O m O , O ,Ž . Ž .o ŽO . 0 R 0 0 o ŽO . 0 R 00 0
Hom O m O , O , Hom O m O , O ,Ž . Ž .o ŽO . R 0 0 o ŽO . R 00 0
Hom O m O, O , Hom O m O, O .Ž . Ž .o ŽO . R 0 o ŽO . R0 0
This can be done easily by extending scalars up to C and then decompos-
ing the tensor products involved and checking multiplications. Alterna-
tively, explicit formulae can be obtained if more attention is paid to the
Cayley algebra. Also, this approach works in more generality. Thus, we will
compute the vector spaces above with R and O substituted by F and C, as
in the previous sections; that is, we will compute the space of connection
Ž .algebras attached to the reductive pair b , b over arbitrary fields of4 3
characteristic / 2, 3.
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Ž . Ž . Ž . w xLEMMA 6. i Hom C m C , C s Fw with w x m y s x, y sDer C 0 F 0 0
xy y yx for x, y g C .0
Ž . Ž . Ž . ² < :ii Hom C m C , F s Fc with c x m y s x y for x,Der C 0 F 0
y g C .0
Ž . w xProof. Part i may be found in EM2, Theorem 8 . There it is proved
that C m C is generated by a unique element as a Der C-module.0 F 0
Ž . Ž .Hence, dim Hom C m C , F F 1 and ii follows.Der C 0 F 0
ŽŽ . Ž . .THEOREM 7. Hom C = C m C = C , C = C is three di-o ŽC , n < . 0 F 0 00 C0
mensional and is spanned by the elements
f : C m C “ C : f : C m C “ C :1 0 F 2 F 0
x m y ‹ yx , y m x ‹ yx
and
f : C m C “ C :0 F
y m y ‹ y y y y y .1 2 2 1 1 2
Ž . Ž . Ž . Ž . Ž .Proof. Notice that by 29 f x m y s y2 x, 0 e 0, y , f y m x s1 2
Ž . Ž . Ž . Ž . Ž .2 0, y e x, 0 and f y m y s 0, y e 0, y . Since b acts as deriva-0 1 2 1 2 3
Ž w x . Ž < . Ž .tions of m , , , so does o C , n as derivations of C = C, eCm 0 00
Ž Ž < .actually, it can be proved that o C , n fills the whole algebra ofC0 0
. Ž < .derivations and, in particular, f , f , and f are o C , n -invariant.C0 1 2 0 0
Ž .Therefore, it is enough to prove by symmetry that
Hom C m C , C s Hom C m C , CŽ . Ž .o ŽC , n < . 0 F 0 0 o ŽC , n < . 0 F 00 C 0 C0 0
s Hom C m C , CŽ .o ŽC , n < . F 0 00 C0
s Hom C m C , C s 0Ž .o ŽC , n < . F0 C0
and that the dimension of
Hom C m C , C and Hom C m C , CŽ . Ž .o ŽC , n < . F 0 o ŽC , n < . F 00 C 0 C0 0
is at most one.
Ž .i Since
Hom C m C , C : Hom C m C , C s FwŽ . Ž .o ŽC , n < . 0 F 0 0 Der C 0 F 0 00 C0
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Ž w x.by Lemma 6, and the derivation algebra of C , , is exactly Der C, it0
Ž .follows that w f Hom C m C , C , so this space is trivial.o ŽC , n < . 0 F 0 00 C0
Ž .ii Also,
Hom C m C , C : Hom C m C , F [ C ,Ž . Ž .o ŽC , n < . 0 F 0 Der C 0 F 0 00 C0
Ž . Ž .so by Lemma 6, any L g Hom C m C , C is given by L x m xo ŽC , n < . 0 F 0 1 20 C0
² < : w x q Ž y.s m x x q n x , x for x , x g C . But, if L respectively, L1 2 1 2 1 2 0
Ž . qŽ .denotes the element in Hom C m C , C given by L x m xo ŽC , n < . 0 F 0 1 20 C0
Ž . Ž . ² < : Ž yŽ .s L x m x q L x m x s 2m x x respectively, L x m x s1 2 2 1 1 2 1 2
Ž . Ž . w x. "Ž . ŽL x m x y L x m x s 2n x , x , then L C m C is an o C ,1 2 2 1 1 2 0 F 0 0
< . Ž < . "n -submodule of the irreducible o C , n -module C. Hence L s 0C C00 0
and L s 0.
Ž . Ž < .iii C m C is generated as an o C , n -module by F m C ,CF 0 0 F 00
Žwhich is an irreducible Der C-module; thus if L g Hom C mo ŽC , n < . F0 C0
. Ž .C , C , then it must be that L 1 m x s m x for some m g F and for any0 0
x g C . For any z g C , if we take d s ad , then0 0 z
w x Ym z , x s m ad x s L d 1 m x q 1 m d xŽ . Ž . Ž .Ž .z
w xs y3L z m x q L 1 m z , xŽ . Ž .
w xs y3L z m x q m z , x ,Ž .
Ž .Y Ž . Ž . Ž .where we have used ad s y 2 L q R by 14 . Hence, L C m Cz z z 0 F 0
Ž < .s 0 and since C m C generates C m C as an o C , n -module, weC0 F 0 F 0 0 0
obtain L s 0.
Ž . Ž < .iv As above, C m C is generated as an o C , n -module byCF 0 0
F m C, which is Der C-module isomorphic to C s F [ C . Since F is aF 0
Ž . Žtrivial Der C-module, Hom C m C, C embeds in Hom C ,o ŽC , n < . F 0 Der C 00 C0.C , which has dimension 1.0
Ž . Ž .v In the same way it is shown that Hom C m C , C haso ŽC , n < . F 00 C0
dimension at most 1.
Ž .vi Finally, C m C is generated by F m C, which is a Der C-mod-F F
Ž . Ž . Žule as in iv ; hence any L g Hom C m C, C must satisfy L 1 mo ŽC , n < . F C0 C0
. Ž Ž . . Ž .1 s n1 since L 1 m 1 is annihilated by Der C and, as in iii ,C C C C
Ž . YL 1 m x s m x for any x g C . With d s ad , x g C , since d sC 0 x 0
Ž .y 2 L q R , we getx x
y3n x s yL 3 x m 1 q 1 m 3 x ,Ž .C C
Ž . Ž 2 Ž . .so L x m 1 q 1 m x s n x. Using d again x s yn x 1 ,C C C
6n x L 1 m 1 y 6L x m x s 3n n x 1 ,Ž . Ž . Ž . Ž .C C C
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nŽ . Ž .so L x m x s n x 1 . Another use of d givesC2
3n
3n x L 1 m x q x m 1 s y n x x ,Ž . Ž . Ž .C C 2
Ž . Ž .but L 1 m x q x m 1 s n x. Thus, we get n s 0, L x m x s 0. Using dC C
Ž . Ž . Ž . Ž .once more with L 1 m x s m x, we obtain 3n x L 1 m 1 s 3mn x 1 ,C C C C
so m s 0 also.
5. INVARIANT AFFINE CONNECTIONS ON
15 Ž . Ž .S s Spin 9 rSpin 7
As an immediate consequence of Theorems 1 and 7 we obtain:
COROLLARY 8. There is a three parameter family of connection algebras
Ž .attached to the reducti¤e pair b , b . In particular, there is a three parame-4 3
Ž . 15ter family of Spin 9 -in¤ariant affine connections on S .
Ž . 15Moreover, each Spin 9 -invariant affine connection on S is determined
by a bilinear multiplication a : m = m “ m which, transferred to the
tangent space T S15 s O = O by means of F, has the formŽ1 , 0. 0O
a x , y , x , y s g y y y y y , g y x y g y x 32Ž . Ž . Ž .Ž . Ž .Ž .1 1 2 2 0 2 1 1 2 1 1 2 2 2 1
for arbitrary scalars g , g , g g R.0 1 2
Ž .In general, Eq. 32 gives explicit formulae for the multiplications a
Ž .once transferred via F to C = C of the connection algebras attached to0
Ž .b , b . In particular, the multiplication e corresponds to the values4 3
1g s 1, g s s g .0 1 22
Throughout this section, we will compute the torsion, curvature, and
holonomy algebra of these connection algebras, and will apply it to the
Ž . 15Spin 9 -invariant affine connections on S .
Ž .First, the formula for the torsion tensor given in 3 , once transferred via
F in Theorem 4, becomes for the multiplication a
T x , y , x , y s a x , y , x , y y a x , y , x , yŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1 2 2 1 1 2 2 2 2 1 1
y x , y e x , yŽ . Ž .1 1 2 2
s 2g y 1 y y y y y ,Ž . Ž .Ž 0 2 1 1 2
1g q g y y x y y x . 33Ž . Ž .Ž . .1 2 1 2 2 12
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1This torsion tensor is 0 if and only if g s s g q g ; thus,0 1 22
COROLLARY 9. There is a one parameter family of symmetric connection
Ž .algebras attached to the reducti¤e pair b , b . In particular, there is a one4 3
Ž . 15parameter family of symmetric Spin 9 -in¤ariant affine connections on S .
Given a reductive homogeneous space M , GrH, the G-invariant pseu-
dometrics on M are determined by the nondegenerate symmetric bilinear
Ž . <forms defined on m , T M so that Ad H acts as isometries of themp
form. This implies that the symmetric bilinear form must belong to
Hom m m m , R ,Ž .h R
Ž .and if H is connected, as it is the case for Spin 7 , this condition is also
sufficient.
Given any such G-invariant pseudometric, there is a unique symmetric
Ž w Ž .xinvariant affine connection determined by it, which is given see N, 13.1
by the bilinear multiplication
1 w xa X , Y s X , Y q U X , Y , 34Ž . Ž . Ž .m2
Ž .where U X, Y is the bilinear commutative product determined by
< < <² : ² : ² :w x w x2 U X , Y Z s Y Z, X q X Z, Y , 35Ž . Ž .m m
² < :where is the pseudometric at the fixed point p.
Ž . Ž . Ž .The same equations 34 and 35 apply to any reductive pair g , h with
Ž .reductive decomposition 1 , as long as m is endowed with a nondegener-
² < :ate symmetric h-invariant bilinear form . The connection algebra
Ž . Ž . Ž .m , a , with a determined by 34 and 35 , will be said to be induced by
² < :.
Ž . 15For the Spin 9 -invariant inner products in S , the associated U ’s have
w xbeen computed in V in a coordinate dependent way. In this case, and
Ž .dealing in general with the reductive pair b , b , m is a direct sum of4 3
two irreducible non-isomorphic modules N and P , whenceC C0
Hom m m m , F , Hom C = C m C = C , FŽ . Ž . Ž .Ž .b F o ŽC , n < . 0 F 03 0 C0
, Hom C m C , FŽ .o ŽC , n < . 0 F 00 C0
[ Hom C m C , F ,Ž .o ŽC , n < . F0 C0
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Ž < .and both summands have dimension at most 1. Moreover, since o C , n C0 0
acts by orthogonal transformations relative to the norm in C and C, we0
arrive at:
Ž < .PROPOSITION 10. Any nondegenerate o C , n -in¤ariant bilinear formC0 0
on C = C is gi¤en, up to scaling, by0
< ² < : ² < :² :x , y x , y s m x x q y yŽ . Ž . m1 1 2 2 1 2 1 2
² < :for any x , x g C and y , y g C, where 0 / m g F. All these ’s arem1 2 0 1 2
symmetric.
Let us compute the associated commutative products U determined bym
Ž .35 . We must have for x , x , x g C and y , y , y g C1 2 3 0 1 2 3
<2 U x , y , x , y x , y² :Ž . Ž . Ž .Ž .m 1 1 2 2 3 3 m
< <² : ² :s x , y x , y e x , y q x , y x , y e x , yŽ . Ž . Ž . Ž . Ž . Ž .m m2 2 3 3 1 1 1 1 3 3 2 2
1<² :s x , y y y y y y , y x y y xŽ . Ž .Ž . m2 2 1 3 3 1 3 1 1 32
1<² :q x , y y y y y y , y x y y xŽ . Ž .Ž . m1 1 2 3 3 2 3 2 2 32
² < : ² < :s m x y y y y y q x y y y y yž /2 1 3 2 1 1 2 3 3 2
1 ² < : ² < :q y y x y y x q y y x y y x .Ž .2 3 1 1 3 1 3 2 2 32
² < : ² < : ² < : ² < : ² < :But, in C we have ab c s b ac s a cb and a b s a b for any
a, b, c. Hence,
<2 U x , y , x , y x , y² :Ž . Ž . Ž .Ž .m 1 1 2 2 3 3 m
² < : ² < :s m 2 y y x q 2 y y xŽ .3 1 2 3 2 1
1 ² < : ² < :q y y y x y y x q x y y y y y yŽ .3 2 1 1 2 3 1 2 2 12
1 ² < :s 2m y y x q y x yŽ . 1 2 2 1 32
1 <² :s 2m y 0, y x q y x x , y ,Ž . Ž .Ž . m1 2 2 1 3 32
² < : ² < :since y y q y y s y y 1 and x 1 s 0, because x g C . There-1 2 2 1 1 2 C 3 C 3 0
fore,
1U x , y , x , y s m y 0, y x q y xŽ . Ž . Ž .Ž . Ž .m 1 1 2 2 1 2 2 14
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Ž .and the multiplication a in 34 becomesm
1 1a x , y , x , y s y y y y y , m y x y y m y x ,Ž . Ž .Ž . Ž . Ž .Ž .m 1 1 2 2 2 1 1 2 1 2 2 12 2
1 1 Ž .that is, g s , g s m, and g s y m in 32 . Thus, by Corollary 9:0 1 22 2
PROPOSITION 11. The symmetric connection algebras attached to the
Ž .reducti¤e pair b , b , with just the exception of the one which corresponds to4 3
1 1the parameters g s , g s 0, and g s , are the connection algebras0 1 22 2
induced by the nondegenerate symmetric b -in¤ariant bilinear forms on m.3
Ž .In consequence, the symmetric Spin 9 -invariant affine connections, with
Ž .just one exception, are precisely the connections associated to the Spin 9 -
invariant pseudometrics on S15.
Notice that the standard metric in S15 corresponds to the parameter
m s 1, so the usual Riemannian connection on S15 corresponds to the
1 1Ž .multiplication in 32 with parameters g s , g s 1, and g s y .0 1 22 2
Ž .Let us look now at the curvature operators in 3 :
R X , Y g End m , End C = C .Ž . Ž . Ž .F F 0
In our situation,
End C Hom C , CŽ .F 0 F 0End C = C s .Ž .F 0 ž /Hom C , C End CŽ .F 0 F
Ž < .Also, recall that the action of b transferred to an action of o C , n onC3 0 0
Ž Ž .. Ž . Ž Ž . YŽ .. ŽC = C becomes see 30 d ? x, y s d x , d y for any d g o C ,0 0
< .n , x g C , y g C. Let us write thenC 00
d 0H s g End C = C .Ž .Yd F 0ž /0 d
Ž .Given the bilinear multiplication a in 32 , denote by a the operatorŽ x, y .
Ž . Ž . ŽŽ . Ž .. Žin End C = C given by a x, y s a x, y , x, y left multiplica-˜ ˜ ˜ ˜F 0 Ž x, y .
Ž .. Ž .tion by x, y . Then, the formula for the curvature operator in 3
becomes
R x , y , x , yŽ . Ž .Ž .1 1 2 2
w xs a , a y a y H 36Ž .Ž x , y . Ž x , y . Ž x , y . e Ž x , y . wŽ x , y . , Ž x , y .x1 1 2 2 1 1 2 2 1 1 2 2 o ŽC , n < .0 C 0
Ž wŽ . Ž .x Ž ..the expression x , y , x , y is given by 31 .1 1 2 2 o ŽC , n < .0 C0
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Ž .From 32 we have
0 g R t y LŽ .0 0 0 y y
a s yg , a s 37Ž .Ž x , 0. 2 Ž0 , y .0 Rž / g L 0ž /x 1 y
Ž .for any x g C and y g C, where t : z ‹ z. By Theorem 2 i , if g / 0,0 2
Ž .then the Lie subalgebra of End C = C generated by the elementsF 0
a , x g C isŽ x, 0. 0
0 0
.ž /0 o C , nŽ .
Ž . Ž . Ž . Ž . Ž .Now 36 , 37 , 29 , and 31 , together with 14 , imply
T , T 00 0 x x1 22R x , 0 , x , 0 s g yŽ . Ž .Ž . Y1 2 2 0 R , Rž /x x 0 T , Tž /1 2 x x1 2
T , T 0x x1 2s y . 38Ž .Y20 1 y 4g T , Tž /Ž .2 x x1 2
In particular, with hol denoting the corresponding holonomy algebra,a
Ž .because of Theorem 2 iii we obtain
d 0
g hol 39Ž .Y2 a0 1 y 4g dž /Ž .2
Ž < .for any d g o C , n .C0 0
Now, for y , y g C, one has1 2
0 R t y L 0 R t y Ly y y y1 1 2 2w xa , a s g g , 40Ž .Ž0, y . Ž0 , y . 0 11 2 L 0 L 0ž / ž /y y1 2
and
d 0y , y1 2w xR 0, y , 0, y s a , a y a yŽ . Ž .Ž . Y1 2 Ž0 , y . Ž0 , y . Ž y y yy y , 0.1 2 2 1 1 2 0 dž /y , y1 2
41Ž .
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with d s L L y L L y T . In particular, for any z g C ,y , y y y y y y y yy y 01 2 2 1 1 2 2 1 1 2
0 R t q Lz z 0 t y 1w xa , a s g g ,Ž0, z . Ž0 , 1 . 0 1C ž /ž /L 0 1 0z
R t q L y t L q L 0z z z zs g g0 1 ž /0 L t y L y R t y Lz z z z
2 ad 0zs g g0 1 ž /0 y2 L y adz z
2 ad 0zs g g 42Ž .0 1 ž /0 y3L q Rz z
< Ž . Ž . w x w xbecause t L s R t s yR t , t s y1 and ad t u s z, u s y z, uCz z z z0
Ž . Ž . Ž . Ž .s yad u . Hence, using 41 and 42 , it follows from 36 thatz
R 0, z , 0, 1Ž . Ž .Ž .C
2 ad 0zs g g y 2a0 1 Ž z , 0.ž /0 y3L q Rz z
2 L y 2T 0z zy Yž /0 2 L y 2TŽ .z z
ad 02 ad 0 0 0 zzs g g q 2g y Y0 1 2 0 Rž /ž / ž /0 y3L q R 0 adŽ .zz z z
2g g y 1 ad 0Ž .0 1 zs .ž /0 y3g g q 2 L q g g q 2g q 1 RŽ . Ž .0 1 z 0 1 2 z
43Ž .
Finally, for any x g C and y g C, one gets0
0 g R t y LŽ .0 0 0 y yw xa , a s yg ,Ž x , 0. Ž0 , y . 2 0 Rž / g L 0ž /x 1 y
0 yg R t y L RŽ .0 y y xs yg 44Ž .2 g R L 0ž /1 x y
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and
R x , 0 , 0, yŽ . Ž .Ž .
1w xs a , a q aŽ x , 0. Ž0 , y . Ž0 , y x .2
10 g g R t y L R q R t y LŽ .Ž .Ž0 2 y y x y x y x2
s .
1 0g yg R L q L 0Ž .1 2 x y y x2
45Ž .
In particular, for y s 1 ,C
R x , 0 , 0, 1Ž . Ž .Ž .C
0 g L y2g t q 1 q R t y 2g 1Ž . Ž .Ž0 x 2 x 21s .2 ž /g L y 2g R 0Ž .1 x 2 x
46Ž .
Ž .LEMMA 12. Let L be the Lie subalgebra of End C = C generatedF 0
 4 Ž < .by a : x g C , y g C , and let N be the quadratic form g n HCŽ x, y . 0 g , g 1 00 1
2g n on C = C:0 0
N x , y s g n x q 2g n y .Ž . Ž . Ž .g , g 1 00 1
Then:
Ž .i L is contained in the orthogonal Lie algebra relati¤e to N :g , g0 1
Ž .o C = C, N .0 g , g0 1
Ž . Ž .ii If g g g / 0, then L s o C = C, N .0 1 2 0 g , g0 1
Ž .Before giving the proof, notice that if we consider the Spin 9 -invariant
² < :affine symmetric connection associated to the pseudometric inm
Ž .Proposition 10, then see Proposition 11 the parameters of the corre-
1 1sponding multiplication a are g s , g s m, and g s y m andm 0 1 22 2
² < :hence the bilinear form associated to N is .mg , g0 1
It should be remarked here too that, in particular, this lemma shows
Ž w x. Ž .that the Lie multiplication algebra see Sc of C = C, e is exactly0
1Ž Ž < . . Ž < .o C = C, n H 2n ( o C = C, n H n .C C0 02 0 0
Ž . Ž .Proof. From 37 it is clear that a g o C = C, N . Now, forŽ x, 0. 0 g , g0 1
² < :x g C and y, z g C, if denotes the symmetric bilinear formg , g0 0 1
associated to N ,g , g0 1
< < ² < :² :a x , 0 0, z s g 0, yx 0, z s 2g g yx z ,² :Ž . Ž . Ž . Ž .Ž0, y . 1 0 1g , g0 1
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while
< < ² < :² :x , 0 a 0, z s x , 0 g zy y yz , 0 s g g x zy y yz² :Ž . Ž . Ž . Ž . g , gŽ0 , y . 0 0 1g , g 0 10 1
² < ² < : : ² < :s g g x y 2 yz q 2 y z 1 s y2g g x yz0 1 C 0 1
² < :s y2g g yx z ,0 1
Ž . Ž .so a g o C = C, N and this proves i .Ž0, y . 0 g , g0 1
Ž .In case g g g / 0, because of 37 ,0 1 2
0 0 : Lž /0 o C , nŽ .
Ž .and now 42 shows that
ad 0z g L for any z g C .0ž /0 0
Ž .Thus, by Theorem 2 iii , also
<o C , n 0Ž .C0 0 : L .ž /0 0
Ž .But, o C = C, N has a natural Z -grading with an even part0 g , g 20 1
<o C , n 0Ž .C0 0o C = C , N s : LŽ .0 g , g0 1 0 ž /0 o C , nŽ .
and odd part given by the off diagonal matrices. The odd part is an
Ž .irreducible module for the even part. By 37 , for any 0 / y g C, 0 / aŽ0, y .
belongs to the odd part. By irreducibility, the odd part is also contained
in L .
THEOREM 13. There are fi¤e different possibilities for the holonomy alge-
Ž .bra of a connection algebra attached to the reducti¤e pair b , b . Namely:4 3
Ž . Ž .i If g g / 0, then hol s o C = C, N .0 1 a 0 g , g0 1
Ž .ii If g / 0, g g s 0 and either g / 0 or g / 0, then hol is2 0 1 0 1 a
Ž < . Ž .the direct sum of a subalgebra isomorphic to o C , n [ o C, n and anC0 0
abelian ideal which, as a module for this subalgebra, is isomorphic to
C m C.0 F
Ž . Žiii If g / 0 and g s 0 s g , then hol is isomorphic to o C ,2 0 1 a 0
< . Ž .n [ o C, n .C0
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Ž .iv If g s 0, g g s 0, and either g / 0 or g / 0, then hol is2 0 1 0 1 a
Ž < .the direct sum of a simple subalgebra isomorphic to o C , n and anC0 0
abelian ideal which, as a module for this subalgebra, is isomorphic to C with
the spin representation.
Ž . Ž < .v If g s g s g s 0, then hol is isomorphic to o C , n .C0 1 2 a 0 0
Ž .Proof. Recall that hol is the smallest Lie subalgebra of End C = Ca F 0
ŽŽ . Ž ..containing the operators R x , y , x , y and closed under commuta-1 1 2 2
Ž .tion by the a ’s x, x , x g C , y, y , y g C .Ž x, y . 1 2 0 1 2
Assume first that g g / 0. Since0 1
<o C , n 0Ž .C0d 0 0<: d g o C , n :Ž .Y C0 0½ 5ž /0 d ž /0 o C , nŽ .
: o C = C , N ,Ž .0 g , g0 1
Ž . Ž . Ž .from 36 and Lemma 12 i , hol is contained in o C = C, N . Ina 0 g , g0 1
Ž .case g / 0, Lemma 12 ii shows that hol is an ideal of the simple Lie2 a
Ž .algebra o C = C, N ; hence they are equal. If, on the contrary,0 g , g0 1
Ž .g s 0, then 39 implies that2
d 0 <g hol for any d g o C , n .Ž .Y Ca 0 0ž /0 d
Ž . Ž . Ž .Y Ž . Ž .From 42 and 43 and since ad s y 2 L q R by 14 , we getz z z
0 0 g hol for any z g C .a 00 L q 3Rž /z z
1 Y 7Ž . Ž . Ž .But, L q 3R s y ad q R , so using Theorem 2 i and 14 wez z z z2 2
Ž . Ž < . Ž < .Y Yobtain o C, n s o C , n [ T s o C , n [ R . Since T is irre-C C0 C 0 C C0 00 0 0
Ž < . Y Ž < .Yducible as an o C , n -module, so is R s T as an o C , n -mod-C C0 C C 00 00 0
ule. Then, commuting elements
d 0 <, d g o C , n ,Ž .Y C0 0ž /0 d
with elements
0 0
, z g C ,00 L q 3Rž /z z
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we get that
0 0 : hol .až /0 o C , nŽ .
Thus,
<o C , n 0Ž .C0 0o C = C , N sŽ .0 g , g0 1 0 ž /0 o C , nŽ .
: hol : o C = C , N .Ž .a 0 g , g0 1 0
Ž .But, because of 46 , hol contains nonzero elements in the odd part ofa
Ž .o C = C, N and the same argument as in the end of the proof0 g , g0 1
Ž .of Lemma 12 shows that hol s o C = C, N . We have obtaineda 0 g , g0 1
Ž .part i .
Ž . Ž .Assume now that g / 0 and g g s 0. From 39 and 37 it follows2 0 1
that
<o C , n 0Ž .C0 0 : hol .až /0 0
2 Ž .In fact, if 4g s 1, this follows from 39 ; otherwise commuting by ele-2
Ž .ments a , which generate o C, n , we get thatŽ x, 0.
0 0 : holaž /0 o C , nŽ .
Ž .and then 39 gives
<o C , n 0Ž .C0 0 : hol .až /0 0
Ž .Now, Eq. 43 shows that
0 0
g hol for any z g C .a 00 2 L q 2g q 1 Rž /Ž .z 2 z
Ž .Since there are elements z g C with 2 L q 2g q 1 R / 0, commuting0 z 2 z
with a for x g C , we obtain that alsoŽ x, 0. 0
0 0 : hol .až /0 o C , nŽ .
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Hence,
<o C , n 0Ž .C0 0 : hol ,až /0 o C , nŽ .
and since
<o C , n 0Ž .C0 0a g : hol for x g C ,Ž x , 0. a 0ž /0 o C , nŽ .
Ž .from 36 we conclude that hol is contained in the Lie subalgebraa
generated by
<o C , n 0Ž .C0 0 : hol and a : y g C . 4a Ž0 , y .ž /0 o C , nŽ .
Ž .In case g s 0 s g , a s 0 for any y and part iii follows. If, for0 1 Ž0, y .
instance, g / 0 s g , then0 1
<o C , n Hom C , CŽ .Ž .C0 F 00hol :a ž /0 o C , nŽ .
Ž .and by 46 hol contains nonzero elements ina
0 Hom C , CŽ .F 0 .ž /0 0
Ž . U Ž < .Since Hom C, C ( C m C ( C m C as a module for o C , n CF 0 F 0 F 0 0 0
Ž .[ o C, n and, as such, it is irreducible, we conclude that
<o C , n Hom C , CŽ .Ž .C0 F 00hol s .a ž /0 o C , nŽ .
In a similar vein, if g s 0 / g , we obtain0 1
<o C , n 0Ž .C0 0hol s ,a ž /Hom C , C o C , nŽ . Ž .F 0
Ž .thus obtaining part ii .
Ž .Finally, assume that g s 0 s g g . Then, 37 shows that a s 0 for2 0 1 Ž x, 0.
Ž . Ž . Ž .any x g C . From 38 ] 41 and 45 , it follows that hol is the Lie0 a
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algebra generated by the elements
d 0
Yž /0 d
Ž < .with d g o C , n and a with y g C. Since the multiplication a isC0 Ž0, y.0
Ž < .o C , n -invariant, this shows thatC0 0
d 0
Y, a s a .Y Ž0 , y. Ž0 , d Ž y..ž /0 d
Ž .  4Also, 40 shows that a : y g C is an abelian ideal of hol . IfŽ0, y . a
Ž .g s g s 0, then this ideal is trivial and v follows. Otherwise, it is0 1
Ž .isomorphic to C under the spin representation and so iv follows.
In consequence, there are five possibilities for the holonomy algebra of
Ž . 15the Spin 9 -invariant affine connections on S .
Remark. Over the real field, if the split Cayley algebra C is considered,
Ž .instead of O, the norm n of C is not definite but of signature 4, 4 , andC
Ž .out results show that Spin 5, 4 acts transitively on
1˜5S s x , y g C = C : n x q n y s 1 , 4Ž . Ž . Ž .C C
16 Ž .which is a quadric in R . The isotropy subgroup at the point 1 , 0 isC
Ž . Ž .isomorphic to Spin 3, 4 and there is a three parameter family of
1˜5Ž .Spin 5, 4 -invariant affine connections on S , a one parameter subfamily
of which all but one are symmetric, corresponding to pseudometrics on
1˜5S , and again there are five possibilities for the holonomy algebras.
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